We construct a catalogue of all possible elementary point sources for static deformation in an elastic solid. The familiar double-couples, CLVD's, centres of compression and dilatation, etc., are all members of the complete catalogue. The sources are classified according to the rank of the seismic moment tensor, and according to the weight (or order) of the irreducible tensor representation of the 3-D rotation group. These sources can be classified as belonging to one of three general classes. The static excitation functions are calculated for an infinite, homogeneous, isotropic medium for all these sources. We show that, except for sources belonging to these three general classes, all other sources -which are numerous for the tensors of high rank -are null static sources. That is, sources that do not produce any static displacement outside of the source region. Due to the presence of null sources, an inversion of the static deformation data is nonunique. The expansion of the equivalent-force tensors and the stress glut tensors (or seismic moment tensors) into a set of the symmetric trace-free source tensors is proposed. The sources corresponding to seismic moment tensors of the second, third and fourth ranks are considered in more detail. We identify the third-rank sources with rotational dislocations or disclinations.
Introduction
The main purpose of this study is to present a classification of all possible elementary sources of internal deformation in an elastic solid. We are interested in the point characterization of the sources. There is an extensive literature on extended sources of elastic waves or deformation, where these sources are represented as dislocation lines or loops of different shapes and forms (Nabarro 1967; Aki & Richards 1980; Kleman 1983) . The number of intrinsic parameters for these sources is model-dependent. Here we are interested in the simplest form of the source, where it is represented as a point or a nucleus of the strain (Love 1944, pp. 186, 187, 306) in the 3-D space. Actually, the present paper can be considered as a solution t o the problem of the static nuclei of an arbitrary order in an infinite isotropic medium.
We subdivide all of the sources according to two major criteria: (1) the rank of the Cartesian seismic-moment tensor describing the sources; and (2) the relation of the seismic tensor to the orthogonal group of the 3-D rotations 0 ( 3 ) (Gel'fand, Minlos & Shapiro 1963) , or according to the vector multipole characterization of the source. The advantage of this approach is that it is usually easier to define the geometry of an elastic source through its tensor components, in other cases multipole decomposition is more useful. In the expansion of the elastic Green's function in the vector spherical harmonics, we may want to keep the internal part of the series in Cartesian tensor form since it is easier to relate them to geotectonic parameters of fracture. On the other hand, we may want to express the part of these series corresponding to outgoing waves in spherical harmonic form, since they are then readily related, for example, to the description of seismic radiation in terms of normal modes.
We are interested in the classification of elementary, or irreducible sources: sources which cannot be reduced to a sum of simpler sources. For example, a dipole of forces without moment or 'double force without moment' (Love 1944, p. 187) is not an elementary source, since it can be decomposed into two simpler sources. These elementary sources, however, are not reducible to even simpler sources, at least, with regard to the tensor representation of the 3-D rotation. These sources are the centres of compression (dilatation) and the deviatoric tensor (in this case it is a CLVD source). Having obtained the classification of elementary sources, we can then describe any arbitrary source as a sum of elementary sources.
An advantage of elementary or irreducible sources is that a set of these sources is closed under mathematical operations of the 3-D rotation, multiplication by a scalar, and summation: they form a vector space of symmetric traceless tensors (cf. Kagan & Knopoff 1985a) . Thus the sum of rotated irreducible sources which are spatially close to each other belongs to the same class of sources as do its elementary constituents. In the example in the preceding paragraph, three dipoles of forces can be easily arranged to obtain a pure centre of compression (with zero component of the deviatoric tensor); or two orthogonal dipoles of forces of opposite signs constitute a double-couple (purely deviatoric) source, whereas, for instance, the sum of the centres of compression (or dilatation) or deviatoric tensors will always belong to the same class of sources.
Some of the criteria above have been considered earlier: the formal expansion of the field of the elastic deformation into vector spherical harmonics (multipole expansion) has been discussed by many investigators. Expansion of the static elastic deformation, for example, has been considered by Morse & Feshbach (1953) , Ben-Menahem & Singh (1968 ), Randall (197 l), Petrashen' (1978 9 1 9 , and by Stevens (1980) . These investigators, however, concentrated their efforts on external deformation terms of the expansion; they have not analysed the source terms of the vector harmonic expansion beyond sources of the first and second order. These sources can also be analysed by traditional, more laborious, direct methods (Aki & Richards 1980; Ben-Menahem & Singh 1981, pp. 203-205) .
The multipole description of sources, although relatively easy to obtain, is dependent on orientation of coordinate axes. For example, a double-couple source in an appropriately chosen system of coordinates corresponds to one of the second-order spherical harmonics ( m = ?1 or m = +2), whereas the CLVD source corresponds to the m = 0 harmonic (more details in Section 4.1 below). In a rotated system of coordinates the above consistency is destroyed; in general, both sources are described by all of the five harmonics. Conversely, In the present paper we discuss only static deformations produced by elementary elastic sources in unbounded media; in the following papers dynamic elementary sources (Kagan 1987a ) and the multipole expansion of complex and extended sources (Kagan 1987b ) will be analysed. We proceed here with an analysis of static displacement for two reasons: first, in this case, multipole components of the source decomposition are not tensor functions of time or frequency, as they are in the dynamic case, they are simply tensors; thus, they are easy to analyse. Since static displacement may be considered as a special-limit case of dynamic radiation for frequency approaching zero, the source description is considerably simpler for static sources. Secondly, static results could be used independently, e.g. in calculation of a stress pattern generated by complex sources (cf. Stevens 1980) or in an inversion of static displacement data of earthquake faults or volcanoes. Thus, it is useful to obtain and to analyse explicit formulas for static displacement. Of course, in most cases we will need formulas for more realistic geometries than in the case of an infinite medium, which is studied here (see also Section 5).
Although most of the results of these investigations could easily be applied to general sources of elastic deformation, we concentrate on internal or indigenous (Backus & Mulcahy 1976a) sources, i.e. the sources for which the sum and angular momentum of all forces are compensated (see Section 3.1 below). These sources are of more interest to geophysicists.
In Appendices A and B, we review mathematical formalism which is necessary for a classification of the elastic sources, i.e. the vector spherical harmonics and their STF tensor (STFT) equivalents. In Sections 2 and 3, we review and develop mathematical techniques for computation of the static excitation functions for the STFT sources, as well as establish interrelations between STFT's and more familiar seismic moment tensors. This formalism is then used for detailed description of lower-rank sources of the static deformation in Section 4. To facilitate reading, for those who are only interested in practical applications of the results, we tried t o make the presentation in Section 4 as independent of general theory of the preceding sections as possible.
2 Elastic Green's function and its expansion in vector spherical harmonics The Green's function for static displacement (see B.9) of an infinite, isotropic, homogeneous medium is where I is an identity tensor, and n is a unit radial vector (Morse & Feshbach 1953 , p. 1787 Ben-Menahem & Singh 1968, p. 423 . Since expansion (2.2) is complete (Morse & Feshbach 1953 , p. 1802 , we infer that there are only three classes of sources, which correspond to the series (2.2) of the orthonormal vector spherical harmonics. We write the static displacement of I-th order as a sum of displacements caused by three classes of sources:
where the left superscript is the class number which we take here as 7 = 1 ' -1 + 1, and (Eshelby 1960, p. 119; Nabarro 1967, p. 66; equation 3.34 in Aki & Richards 1980) . We see, for example, that if h = p , then for 1 = 3 only longitudinal displacement is excited.
A1
Sources of the class 7 = 1 produce the displacement Finally, for sources with 77 = 2 and 1 1, and '.@'+') are defined by (2.6). For 1 = 0 (a centre of compression or dilatation) neither '9;!$!: nor ' . #-$: ! can exist, nor can *#; ; '
).
In this case
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We obtain formulas for displacement for the vector Laplace equation (cf. Ben-Menahem & Singh 1968) , by putting h = -p in (2.5), (2.7), and (2.8).
The formulas (2.5), (2.7), and (2.8) provide excitation expressions for the STFT sources. In the next section we discuss relations of these tensors with more familiar seismic moment tensors or equivalent-force moment tensors.
Seismic moment tensors and their resolution into irreducible representations of the 3-D rotation group
We do not distinguish between the three versions of seismic moment tensors r,kA,-,, formed by a spatial distribution of the second rank tensors introduced by Backus & Mulcahy (1976a) : stress glut, stress drop and stress-free strain tensors, since here we are primarily concerned with the symmetry properties of these tensors. These properties are the same for all those tensors, i.e. they are symmetric on two first indices and, separately, on all other AL indices. The equivalent-force moment tensor, QjAL-, , on the other hand, is symmetric only on its A, indices. If there is no possibility of confusion, we will use the term 'seismic moment tensor' as a general term for both tensors r and !@.
S E I S M I C M O M E N T T E N S O R S
The conditions for the source to be an internal (indigenous) source are (1) (Backus 1977a, p. 5) . The equivalent-force moment tensors are (Backus & Mulcahy 1976a, p . 35 1)
The total number of degrees of freedom of the tensor @,A,-~ is Nq, = 3L(L + 1)/2 (Backus & Mulcahy 1976a, p. 356; Backus 1977b, pp. 30-32) .
Similarly to (3.3), for the displacement caused by an internal source we obtain
The case L = 2 is the standard seismic moment tensor. The higher-rank seismic moment tensors are
(3.6) X (Backus & Mulcahy 1976a, p. 35 l) , where gi, is the standard seismic moment density (Aki & Richards 1980) . The relations between these two sets of seismic moments given by Backus & Mulcahy (1 976a) (see A.2b). The total number of degrees of freedom for the tensor r j k A L -2 is N r = 3L(L -1) (Backus & Mulcahy 1976a, p. 356; Backus 1977b, pp. 30-32) . Since the numbers of degrees of freedom for the tensors @ j~~-~ and rjkAL-? are not the same, Backus proves that the difference of these numbers is the dimensionality of the null space of the mapping of rj kAL -2 into @jAL-, :
The sources corresponding to the tensors of the null space are nuZZ sources; they do not produce any displacement outside of the source zone (Backus & Mulcahy 1976a, pp. 354, The displacement calculations using (3.3) and (3.5) are difficult to perform since they involve high-order derivatives of the Green's functions. Although it is possible to calculate these derivatives for L = 2 (see, for example, Aki & Richards 1980) , further computations are much more difficult. Moreover, as we will see later, some linear combinations of these derivatives also belong to 'null' sources, i.e. they do not cause any static displacement outside of the source region. 359).
STF-I T E N S O R E X P A N S I O N O F S E I S M I C M O M E N T T E N S O R S
We compare the moment tensor expansion of the displacement, (3.3) and ( 3 . 9 , with the corresponding expansions (2.5), (2.7) and (2.8). The comparison shows that there is a correspondence between STFT's in the multipole series expansions (2.5), (2.7) and (2.8), on the one hand, and the resolution of equivalent-force tensors and seismic moment tensors into irreducible representations of the 3-D rotation group (Lyubarskii 1960; Gel'fand et al. 1963) , on the other hand. Every tensor can be decomposed into a series of these representations. As an example of this decomposition, we mention a well-known resolution of a second-rank tensor into three tensors: (1) the Kronecker delta multiplied by the trace of the tensor which behaves as a scalar in regard to the 3-D rotation (2) the anti-symmetric part of the tensor which is a vector with respect to the rotation, and, finally, (3) the deviatoric part of the tensor which behaves as the true, second-rank tensor with regard to the 3-D rotation. See more examples in Section 4.
General rules for the decomposition of a tensor into irreducible representations of the 3-D group are discussed in the references above and many other publications on group theory; the symmetry properties of the seismic moment tensors need to be considered. Although the symmetry conditions could be accounted for by general group-theoretical methods (see, for example, Lyubarskii 1960, pp. 167-169, 217-222) , we use a more heuristic approach. We represent the equivalent-force tensor moment as a sum of tensors corresponding to the representations of the above tensor which have different weights I, or orders where we invoke (A.7) for notation. As Gel'fand er al. (1963) indicate, there can be several versions of a tensor representation having the same weight; the partition of the tensor into these versions is then non-unique.
Each of the tensors on the right-hand side of (3.9) can be decomposed in a tensor product of the STF-I tensors, the Levi-Civita symbol (A.4), and series of delta functions. The class q of the STF tensor is equal to the difference between its order I (the superscript value) and the number of subscripts (L). If the difference is even, only delta function(s) and a STFT participate in the decomposition. For odd-numbered classes, one Levi-Civita symbol is also included in the tensor product (see below).
We use the same term class for sources and for STF tensors. For q < 2, class denominations coincide for both these entities, but, as we indicated earlier (see text below 2.3), there are only three classes of sources, whereas there is no upper limit on the class number fo! STFT's.
There is a one-to-one correspondence between (1) the classes of sources, and (2) the tensor representations for two representations with the highest, and next to highest, weight or order (see 2.6). In other words, for class q = 0, and for the first class (q = 1) = ( L -(3.10) (3.1 1) For indigenous sources the rank, L , of t h e d k ) tensor is assumed to be L b 2; for the tensor
AL -I
Classes q > 2 usually have more than one representation for each class. We count the number of representations for the equivalent-force moment tensor, a, by considering the number of different arrangements one could make with L objects (indices of a tensor), of which only one (the first) is distinguishable. For the seismic moment tensor, I", the first two indices are distinguishable from the rest of the indices. From (3.6) it is clear that the tensor I' is symmetric in these two indices, thus, they are interchangeable. The above arrangements include contracting two indices through use of the Kronecker delta or the Levi-Civita symbol (A.4) in integrals (3.4) and (3.6). Because of the anti-symmetry of the Levi-Civita symbol, the second possibility is present only for indices which are not symmetric, i.e. we must take the first index and one of AL-l or AL-2 indices in (3.4) or (3.6) for contraction in this case. The total number ofAL-, orAL+ indices and the total number of contractions should be also taken into account, since their number may be too small for certain arrangements.
Taking the above mentioned considerations into account, we obtain for the equivalent
force moment (see 2.6 and 3.4) (3.12a)
] is the largest integer less than or equal to L/2.
We remind the reader that the repeated indices of the p l p l type require contraction. For the second version of the STFT we obtain for 7722, and 1 2 1 (3.12b)
The weight 1 cannot be zero in (3.12b), since at least one subscript ( a l ) must exist in the STFT in this case. For the tensors of rank up to the fourth, we will give explicit formulas for STFT calculations in the next section. Similarly to (3.12), we obtain for the seismic moment tensor the following expressions and, finally, g 2 2 , and 12-2;
For sources of class q = 2 (and for L > 3), using (3.7) we obtain (3.13a) (3.13b)
For odd-numbered classes we may obtain similar formulas, assuming now that
ISTF for q-2 1, and 12 1.
PkPkAL-2k-2)
(3.15)
Of course, for a static internal source we must require 1 > 2. For the seismic moment tensor there are two such STFT's for q > l., and 12-1 ; (3.16a) and
In Fig. 1 , we display all of these classes in the rank ( L ) versus the weight ( 1 ) plot. Since the set of sources for the tensors I ' always includes that of the tensor @, in Fig .*c .*c
One additional property of these classes is their purity (Morse & Feshbach 1953 , p. 1723 Thorne 1980 ) which shows their relation t o orthogonal transformations with a determinant equal to -1. These transformations include, for example, reflections and inversions. The s o u r c e s d i j , are of even parity -in theoretical physics they are referred to as an 'electric' type (cf. Morse & Feshbach 1953 , p. 1869 , or as 'mass multipole moments' (sources) of gravitational radiation (Thorne 1980, p. 316) . The source . %$I) is of odd parity. It corresponds to the 'magnetic' type of electromagnetic sources, or to 'current multipole sources' of gravitational radiation. The parity relations of the tensors F a r e the same as for the tensors S.
In our discussions we refer to sources as spheroidal for even classes and toroidal for odd classes. If the configuration of boundary conditions and source geometry is invariant under reflection, for example, then the sources d'), and di;2) produce transverse waves of the 4 SV polarity. The sources .id'+'), on the other hand, under similar conditions produce transverse waves of the SH polarity (Aki & Richards 1980, pp. 215-216) . To distinguish between the even (spheroidal) sources belonging to the class q = 0, and the class q = 2, we will call the former multipole sources, and the latter, multiplet sources.
A1
R E S O L U T I O N O F SEISMIC M O M E N T T E N S O R S I N T O I R R E D U C I B L E T E N S O R S
It is relatively easy to deduce the inverse relations between STF tensors, %and equivalentforce moment tensors, 9, for the first two classes: and (3.17) where L = 1 + 2, for these sources. As mentioned earlier, the partition of a tensor into are of the same magnitude, the displacement they cause is exactly the same, so that we can call them equivalent elastic sources. If we use the combination of these sources which is orthogonal to the sum in (3.21), it produces no displacement; thus, it is a null source:
where 1' Wl is a norm of the tensor 'W (see A.11). Similarly, if we use .@L) tensors as in (2.8), we may again replace these two tensors by two new variables. These tensor variables are linear combinations of the H L ) tensors, so that only one new tensor is causing elastic displacement, the other is a null source (see Fig. 1 ) .
For the case of tensor representations of r j k A L -2 (seismic moment tensor), we have up to four initial STFT's (see 3.13). As before, only one linear combination of the tensors kSY(L) enters into the displacement formula, which is similar to (2.8) or (3.21). The three other combinations which can be made orthogonal to the first one (cf. 3.22), are null sources (see also Backus & Mulcahy 1976a, b) .
From equations 2.5, 2.7 and 2.8 it is obvious that all of the STFT's, both '9%) and k5&L) (3.12-3.16 ), belonging to classes q > 3 are null sources (see Fig. 1 ). Thus, the classes The last representation on the right is assumed to be formed from the appropriate sum of two sources in (3.21). The total number of degrees of freedom of the tensor EAL is
The dimensionality of the null space of the mapping of QAL into EAL (see 3.4,3.8) is:
This is the dimension of a set of null sources which are contained in the equivalent-force moment tensor QAL. A similar dimensionality of the null sources of the seismic moment tensor r A L can be obtained by adding the dimensions of two nu11 spaces of (3.8) and ( 3.2 5 a) :
We calculate average amplitudes of displacement caused by sources of different classes and ranks. The relevant formula is (3.26) Using (3.8) and ( 2 . 9 , we obtain for the average displacement caused by a source belonging
where 1 Y 1 is the norm (see A.ll) of the tensor 4T(AIj, and
(3.28)
For two special cases X = -p and X = p we obtain 29) respectively. In (3.27) we can replace the STFT fl by the tensorsusing (3.10-3.1 1). For a Q = 1 source we obtain similarly ]11' 1 9 1 . Z(21-l)!! And, finally, for a multiplet (class q = 2) source the expression is as follows are defined by (3.12). Using (3.14) we obtain another expression
where STFT's Sf$;') are defined by (3.13). Similarly we can calculate the energy of a deformation caused by each of those sources.
We calculate the multipole displacements (for L G 4) from a common model of an earthquake fault, i.e. a circular disc of radius Ro with a uniform slip vector, B, over the disc surface. Since there is no 3-D rotation of the focal mechanism, the third-rank tensor rijk is zero (see Section 4.2.1 below). The norms of the fourth-rank sources are as follows (we take here h = 1. 1 = 1):
where B = IBI and A =nR$B. The norm of the second-rank tensor is 193' [ : ; 1 =nRiBfl.
Using (3.10), (3.1 l), (3.34) to convertSvalues i n t o y a n d 8, as well as the other formulas in this subsection, we obtain the following equations for ratios of average displacements caused by second-and fourth-rank sources: (3.36) where r is the distance to a measurement point. At the distances r = R O , the average amplitudes are of comparable magnitude. The radius Ro for the above model can be determined, if any of ratios (3.36) are known. 
4 Seismic moment tensors of second, third, and fourth ranks
In this section we consider the sources which can be represented by the second-, thirdand, to a lesser degree, fourth-rank seismic moment Cartesisn tensors. This is done for the following reasons. First, we can use the simpler methods of tensor representation to study these tensor moments, thus the results will be intuitively more transparent. Second, the equivalent-force distributions can often be displayed graphically for these moments. Third, the static deformation caused by the sources described by seismic moments of the rank higher than four is so insignificant in most cases that probably only the sources represented by the second-, third-, and fourth-rank moments will be studied in future practical geophysical applications.
S E I S M I C S O U R C E S O F T H E S E C O N D R A N K
We describe the second-rank seismic moment aij in order to use this well-known case to demonstrate the methods employed later. As Backus & Mulcahy (1976a) pointed out, there is no difference in this case between the equivalent-force moment Qij and the seismic moment tensor rij. We subdivide the tensor aij into three parts which correspond to three classes of sources (see Table 1 The identity tensor is invariant under the 3-D rotation or it has weight 1 = 0 (Gel'fand et af.
1963, p. 63); depending on the sign of the scalar aPp, it represents either the centre of compression or the centre of dilatation (Love 1944) . The excitation function for this source is given by (2.9).
The second type of the second-rank sources, i.e. the skew-symmetric tensor, has three degrees of freedom, and a weight 1 = I which means that under the proper 3-D rotation SO(3) it transforms as a vector This source represents a rotation, or torque centre (Love 1944, p. 187 ). It does not satisfy the condition (3.2), thus it cannot be an internal source. Under reflections and inversions the vector P(l) does not change its sign as regular vectors are expected to do. Hence, it is called a pseudo-vector or axial vector (Schouten 1954; Gel'fand et al. 1963) .
The five-dimensional symmetric trace-free tensor .#() (deviator) is the irreducible representation of the 3-D rotation with weight I = 2 (Gel'fand et al. 1963, p. 64) . It produces only spheroidal radial and spheroidal shear displacement (see 2.5 ; Ben-Menahem & Singh 1981, p. 201; Petrashen' 1978, equations 15.73, 15 .74) of quadrupole pattern.
Unlike the first two sources described in this subsection, this type of source has an internal structure, which allows its subdivision into two subtypes or subsources (Knopoff & Randall 1970; Kagan & Knopoff 1985a) . One possibility of such a subdivision would be to assign a separate subsource to each of the spherical surface harmonics which constitute the representation of the STF-2 tensor Xij (see B.5; Thorne 1980) . One disadvantage of this approach is that the subsources would depend on the coordinate system; the other drawback is that the tensors corresponding to the STF harmonicsv:2')' and$, ':
(cf.B.5-B.7)
correspond to the same double-couple (Burridge & Knopoff 1964) subsource, and they can be transformed into each other by a simple 3-D rotation. The STF harmonic -v2'
corresponds to a CLVD subsource. A similar classification of quadrupoles for sources of sound waves in turbulent fluids has been considered by Powell (1962) , who called our analogue of the double-couple 'lateral quadrupole' and the analogue of the CLVD subsource 'longitudinal quadrupole'. We obtain another visualization of the source subdivision which will be useful in our analysis of higher order moments, by using a geometrical picture of Maxwell multipoles (Backus 1970 ). This construction is a correspondence between the spherical surface harmonics Y'" and a set (or bouquet) of 1 vectors of equal magnitude. Of total number 1 of these vectors, m lie in the x-y plane pointing from the origin to adjacent vertices of 2m-gon, whereas the remaining 1 -m vectors point in the +z direction. The direction of any two of the vectors can be changed t o the opposite. Any function or tensor which is expressible as a sum of the harmonics C,Y'" can be represented as an appropriate sum of the sets of vectors corresponding to those Y l m . The 3-D rotation of a tensor corresponds to the same rotation of the vector bouquet (Backus 1970 ).
The vector bouquet for the deviatoric a!?) source consists of two vectors; for the positive CLVD source they both point in the same (z) direction, for the negative CLVD source the vectors point (along the z-axis) in opposite directions. This arrangement of vector bouquets for two CLVD sources indicates, for example, that they cannot be transformed into each other by any 3-D rotation. Moreover, since tensor representations of these sources have third invariants of the opposite sign (Kagan & Knopoff 1985a) , even transformations of the full orthogonal group [0(3)] cannot transform a positive CLVD source into a negative one. For the double-couple source, the bouquet vectors are orthogonal. For the general @$) source, the angle $ between the vectors may take any value n $ > 0 ; we can, for example, always rotate the bouquet so that one vector points to the North pole, the other vector lies in the zero meridian plane. Thus, we may subdivide the five degrees of freedom of the tensor dz) into (1) three parameters, corresponding to the 3-D rotation (2) one parameter for the norm of the tensor, and (3) the last parameter t o show the internal structure of the tensor.
In our previous paper (Kagan & Knopoff 1985a) we proposed the CLVD index r for the characterization of the d 2 ) source structure. The relation between r and the angle J/ is easily established
11
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Similarly one can obtain an inverse relation.
S E I S M I C S O U R C E S O F T H E T H I R D R A N K
The partition of the seismic moment tensors of the third rank into separate sources presents more of a challenge.
The equivalent-force moment tensor @ijk and the seismic moment tensor rj,k become different, the relations between them being (Backus & Mulcahy 1976a, p-355) and r.. 11 k = %(@. ilk + a. Jki . -k i j ) .
(4.5)
In most practical cases the first non-zero seismic moment tensor is the second rank tensor, therefore it is independent of origin of the system of coordinates (cf. Gray 1976, pp. 51 1-5 12). For the third-rank tensor we usually need to determine the origin translation (or the tensor centroid position, see Backus 1977a, p. 9) which is caused by the asymmetry of a source region. To calculate the correction vector we need to study the moment r i j k , since (as we will see later) for internal sources the vector is defined with regard to this tensor.
Equivalent-force moment tensors o f the third rank
Analysis of (3.4) yields the condition which tensors of rank higher than two must satisfy: the tensors are symmetric with regard to all of the subscripts with the exception of the first one (Backus & Mulcahy 1976a, b) . For the third-rank equivalent-force moment tensor Q,.. = Q,. .
The resolution of the general third-rank tensor into irreducible representations of the rotation group is discussed in detail by Gel'fand et al. (1963, pp. 68-7 1) .
The representation with a weight of I = 0 is a multiple of the Levi-Civita skewsymmetric tensor, c * Ejjk (see A.4). Since it is not symmetric in its last two indices (4.6), it cannot be a source of elastic deformation (see Table 1 ).
There are three representations with a weight of I = 1. where v, u and w generally are independent vectors whose choice is not unique. In our case the condition (4.6) requires that the tensor (4.7) has only six degrees of freedom, i.e. u v.
The first version of the source tensor @j ;i is = 6 i j u k f 6 i k U j = 6 i j 1 1 / j , + 6 i k 1 q where v is an independent vector. It belongs to the class of sources q = 2 (see Fig. 1 ). In a general system of coordinates, for example, taking the coordinates of the vector v as u l , u2 and uj, the tensor ' Q,:;i can be presented in a matrix form as a set of three 3 x 3 matrices: (4.9)
In (4.9) the first index of the tensor corresponds to rows, the second index indicates columns of matrices, and the third index corresponds to each of these 3 x 3 matrices. The dot (.) in the matrix means that the component value is zero. From Fig. 2(a) we may infer that this source is a dipole of compression-dilatation centres (Love 1944, p . 306) or a doublet (Mindlin & Cheng 1950) .
The second dipole source is formed by
In Fig. 2(b) we display a configuration of equivalent forces corresponding to the tensor in (4.10); the vector w coincides with x-axis. The source corresponds to parallel forces distributed over two concentric spheres. It is essentially equivalent to a double layer of forces: each layer distributed according to Yo,'m harmonic (see B.lc). The sum of the forces associated with these spheres has the same magnitude but an opposite sign. This arrangement of the forces produces no motion (see text below 3.21) outside the source region for the vector Laplace equation. In a general system of coordinates taking the coordinates of the vector w ( w l , w2 and w 3 ) we obtain w1 w2 w3 : :I. (4.1 1)
We note also that while it is possible to distribute the forces according t o the Yo,1m
harmonic uniformly over two concentric spheres (double layer) to obtain the source 2d!) 11 k (Fig. 2b) , similar uniform arrangement of radial forces on two abutting spheres (Fig. 2a) will not only produce the '@$i source, but also sources of higher rank. This happens since the latter configuration of equivalent forces is not orthogonal to all vector spherical harmonics in the expansion (2.2). If we want to obtain a 'pure' source by a uniform distribution of equivalent forces over two concentric spheres, those forces should obey an appropriately weighted mixture of the Third-rank dipolar sources which belong to the class 77 = 2 are similar to a single-force which also yields a dipole pattern of deformation; however, there are three significant differences. First, their displacement pattern is different from that of a single-force (compare B.lO(b) for a single-force deformation with B.l(c) which represents an external solution for a doublet source). Second, as we indicated earlier, a single-force cannot be an internal source. Third, static displacement for this source decreases as the inverse of a cube of distance.
and Y2,lm vector spherical harmonics (see B.3 and B.4).
The displacement caused by the source a!$ (see 3. 2 1) (see 3.20,3.32-3.34) . If both sources produce displacements which are indistinguishable outside of the source region (see 3.22 and the discussion before it). Thus, these two sources are equivalent elastic sources.
The tensor d 2 ) has a weight of 1 = 2 . There are two of these representations for a general third-rank tensor (Cel'fand et al. 1963 ) but only one of them satisfies the condition (4.6), i.e. it can be an elastic source. The tensor must satisfy the conditions (Gel'fand e t al. 1963) 11 k and (4.14)
Together with the condition (4.6) it defines the form of the tensor as The source @J$i belongs to the class 77 = 1 (see Fig. 1 ). .
-2s1
. 2s2
where s6 = -s4 -ss , so that the trace s4 f s5 + s6 = 0. Fig. 2c, d) .
The deformation for that source can be computed using (2.7). If we take .!Fij= diug [2, -1, -11 in (4.17) , the deformation obtained corresponds to that produced by a so called twist disclinution loop at distances much greater than the size of the loop (Li & Gilman 1970, p. 4249) . The loop is formed by making a circular planar cut in the material, twisting one cut surface relative to the other, and welding the cut afterwards. We can therefore identify the source .Fi, = diug[2, -1, -11 as the infinitesimal twist disclination loop. The loop is easily modelled by a circular arrangement of double-couple sources. where ma = -ml -m l , m9 = -m2 -m 5 , and m , = -m3 -m 6 , so that the tensor is traceless. In Fig. 2(e) we show the equivalent-force distributions for the subtype of source corresponding to the tensor (4.22) in which only m4 is non-zero.
The septor tensor, $ j k , has seven degrees of freedom in total, of those three degrees of freedom are structural; using the multipole-bouquet description of harmonic or STFT's mentioned above, we correlate this tensor with a bouquet of three vectors. Then the three structural degrees of freedom could be defined, for example, as three angles between those vectors. Since we can change the orientation of any pair of vectors t o the opposite direction (see above), at least two of the angles can be made smaller than n/2. Using a vector bouquet representation, for example, we see that the source g o can be transformed into -v 3 0 by a 180" rotation around any axis perpendicular to its symmetry axis. Thus, we can always have all three multipole vectors pointing in the same direction (see the end of Section 4.1 for comparison).
We compare the displacements caused by the third-rank tensor sources with the deformations caused by the so-called wedge dischation loop (Li & Gilman 1970, p. 4251 ) at large distances, or by an infinitesimally small disclination loop. The loop is created by making a circular cut through the material, taking a semicircular wedge-shaped piece of the material from one side and inserting it into another side of the cut, and welding it all together (Fig. 3a) . --1 s -/2 . q 1 2 2 = ' 78 ' T 3 3 1 = ' 7 8 * g 3 1 3 = 7 8 ' g 1 -3 3 = A . Thus, to model the wedge disclination loop, we need to add contributions from all of the @ijk sources {see 4.12, 4.18, and 4.22) which shows that unlike the twist disclination loop (see 4.17 and below), the wedge loop is not an elementary source.
Disclinations, which are sometimes called rotational dislocations, represent a category of rotational topological defects in a medium, whereas the dislocations are transfational topological defects (Nabarro 1967; Kleman 1983; Kadic & Edelen 1983) .
We conclude that, whereas the seismic moment tensor of the second rank (or, at least, its most important part, trace-free@?j is related to the 3-D translational [T{3) in the grouptheoretical notation] dislocations, the seismic moment tensor of the third rank is connected to rotational dislocations or to disclinations. Burridge & Knopoff (1 964) have shown the equivalence of translational dislocations to the double-couple configuration of equivalent body forces. The disclinations are higher order defects which are produced by a field of dislocations (Kadic & Edelen 1983) . We can assume, for example, that conditions (3.1) and (3.2) are satisfied at all points of the medium. Then all higher-order sources are composed of some spatial arrangement of second-rank sources, i.e. they are the result of the distribution of double-couples (see 3.6). Then the equivalent-force configuration of disclinations and other higher-order sources can be derived from that of translational dislocations.
As an example, more familiar to geophysicists, of a source which is predominantly thirdrank seismic moment tensor, we take a slip on a fault which is bent at a right angle, as shown in Fig. 3(b) . Real earthquake faults are not usually bent to such a degree, but any fault which involves even a slight rotation or bending has a non-zero component of the third-rank seismic moment tensor. The standard seismic moment tensor rij is identically.zero for the fault shown in Fig. 3(b) . At large distances this source is equivalent to a dipole of doublecouples of the opposite sign. The seismic moment tensor of the third rank can be subdivided into three elementary sources with norms as follows: 11 l l . q l ) l = I2S I = 2 f i . A :
and By A we denote d 2 W -B, where d is shown in Fig. 3(b) , W is the width of the fault, and B is a magnitude of a slip; we take X = p = 1.
The above discussion and another analysis (Kagan 1987b) show that the third-rank sources reflect incoherence or disorientation of elementary deviatoric microsources which constitute a focal zone of extended sources. Third-rank tensor sources or disclinations are very likejy to be the same as geometrical asperities or barriers of the earthquake source theory (Kagan & Knopoff 1985b) . Most of the standard models of an earthquake fault presuppose a perfectly parallel alignment of elementary microsources, for such models the third-rank seismic moment tensor equals zero. Thus, the presence of non-zero values of the third-rank tensor indicate the presence of barriers in an earthquake rupture which makes their study important for a quantitative characterization of complex earthquake sources.
Seismic moment tensors of the third rank
The formulas for the tensor I' are largely similar to that for the tensor a, so we list only those equations which are different. For doublet sources we obtain and If the second-rank tensor density in (3.6) is deviatoric g p p E 0, it is easy to see what modifications need to be introduced into the above formulas (Backus 1977a) . For example, r PPZ . = 0, similarly 'Sfi = 0, and '({') 0.
S E I S M I C S O U R C E S O F T H E F O U R T H R A N K
The subdivision of the fourth-rank seismic moment tensor is discussed in less detail; we emphasize those features which are different from the second-and third-rank tensors described above. In this subsection we also use I as a regular index. Using the methods described by Gel'fand et d. (1963) , and by Backus (1970) we decompose both of the tensors, @ijkl and r&, into the following representations of the 3-D rotation group:
[ 11 The S T F 4 tensorSd4), with a weight of I = 4, has nine degrees of freedom; it belongs to the class 77 = 0 (see Fig. 1 ). Schouten (1954, p. 157) [3] There are six representations with a weight of l = 2 with five degrees of freedom each for a general fourth-rank tensor (Lyubarskii 1960; Gel'fand et al. 1963) , but the symmetry conditions for the seismic moment tensor (see beginning of Section 3) map them into three representations. There are only two representations (Table 1) where %ij are defined above (see 4.34). The last two representations [4] and [5] on our list above do not produce any static motion outside of a source region, i.e. they belong to the null classes 1) = 3 and 17 = 4. The representation [4] corresponds to a rotation centre (4.2b) which is surrounded by another rotation centre of equal angular momentum, but with the opposite sense of rotation. The static displacement outside of the source zone equals zero. The representation (4.41)' in its turn, corresponds to a dilatation (or compression) centre (see 4.1) which is surrounded by another compression (or dilatation) centre of equal strength. The consequences that the tensor density gjk in (3.6) is traceless (cf. discussion below 4.28), are relatively easy to compute (see Backus 1977a, b) . We will discuss them in more detail in our future contributions. We will also show that the fourth-rank sources are in general a measure of the size of an earthquake fault.
We calculate the values of the fourth-rank seismic moment tensor for the model of the circular seismic fault which we discussed earlier (see 3.35). As an illustration, the disc of radius Ro is taken to be in the xy plane, the slip vector of size B is along they-axis. As we mentioned above, the third-rank seismic moment tensor for such an earthquake fault is zero. Non-zero components of the fourth-rank tensor are As a test of formulas for the decomposition of the seismic moment tensor and for the displacement expansion described in this and previous sections, we have calculated static displacement of 100 randomly oriented double-couple sources which are placed randomly inside of a sphere of the unit radius. The difference between the displacement calculated as a direct sum of the sources, and from its second-, third-and fourth-rank seismic moment tensors should decrease at least as fast as the inverse fifth degree of distance. It does so in our simulations. Similar tests have been performed for compression centres and general second-rank sources. We will discuss this and similar simulations in more detail in a subsequent paper (Kagan 1987b) .
Discussion
In previous sections we discussed and analysed four possible descriptions of sources of elastic deformation: (1) multipoles ( 2 ) STF tensors (3) equivalent-force moment tensors, @ and (4) seismic moment tensors, I'. STFT's provide a connection between the multipole and the seismic-moment descriptions of the source. On one hand, using the STFT formalism we find a one-to-one correspondence (isomorphism) between vector spherical harmonics and certain linear combinations of the STFT's (see Appendix B and Section 2). On the other hand, in Section 3 we describe the direct (forward) and inverse relations between the STFT's and irreducible representations of seismic moment tensors. Only multipoles and their STFT equivalents determine and are uniquely determined by elastic displacement, tensors and r include in their decomposition null static sources, i.e. some information connected with these sources is irretrievably lost outside of the source zone. However, if we make certain assumptions about the properties of the source and its geometry, these new constraints may help to retrieve some of that information. The deviatoric nature of elementary sources comprising an extended source zone (Backus 1977a, b) can serve as an example of such assumptions.
We comment briefly on the possibility of inversion of elastic deformation data to source parameters, If we use the orthogonality property (B.4) of the vector spherical harmonics (or their STFT equivalents), it is easy to invert the displacement formulas (2.5), (2.7), (2.8) and to obtain a source description, and, thus, directly determine elementary sources from the data. Unfortunately, since measurements of static deformation are usually made on a surface of the Earth, our equations which are derived for unbounded medium are not relevant for this purpose. Static results will have more practical value, if we use Green's function for halfspace (Mindlin & Cheng 1950; Ben-Menahem & Singh 1968, pp. 448-452) or for a solid sphere (Ben-Menahem & Singh 1968) . In that case, we hypothesize, computations would be similar to that of this paper, but, of course, much more complicated. In our companion paper (Kagan 1986a) we use the dynamic Green's function to obtain the seismic moment tensor decomposition for dynamic sources. Unlike the static case, the dynamic excitation functions for infinite medium can often be used for interpretation of body-wave radiation for seismic sources of different rank and order.
Multipoles of the elastic equation (see 2.6, 3.9) do not contain any distance scale; similarly to those of electric charge distribution (see Morse & Feshbach 1953 , pp. 1282 -1283 they can be reduced in a sphere of arbitrarily small radius, provided their strength has been increased appropriately. This scale-invariance of multipole moments is a direct result of the lack of any spatial scale in the equation of elasticity (cf. Biedenharn & Louck 1981, p. 439) . The net result for the inversion is that if we base our inversion on equation (B.9) alone, we are unable to retrieve any scale parameters from the analysis of elastic displacement. The only information which is available in this case is a set of elastic multipoles, thus only in regard to this set is the inversion of the deformation data unique.
Conclusions
6.1 The seismic moment tensor of rank L can be represented as the sum of multipole sources of static elastic deformations belonging to three classes (q = 0, q = 1, and q = 2). The total number of degrees of freedom of these sources is 3(2L -1). Two of these classes excite spheroidal motion, while one class causes toroidal displacements.
6.2
The equivalent-force moment tensor includes sources which produce no static displacements outside of the source region (null sources). All STF tensors belonging to null classes (9 a 3) are null sources; one of the two sources belonging to class 7) = 2 is also a null source.
For the equivalent-force moment tensor of rank L 3, the dimensionality of the set of these sources is 3(L -2) (L -1)/2. For the seismic moment tensor the dimensionality of such a 'nuu'set is 3(Lz -3 L + 1).
6.3
The sources of seismic moment tensor of the third rank correspond to rotational dislocations or disclinations.
(pseudo-tensor); it is equal to zero with the exception of € 1 2 3 ~€ 3 1 2 ~€ 2 3 1 = -~3 2 1 = -€ I 3 2 = -~2 3 1 = 1.
('4.4) Thorne 1980, pp. 307-309) . These tensors often appear later in decompositions of seismic moment tensors into representations of the 3-D rotation group. In this case, we adopt the following convention for the STF-l tensors (cf. A.7) (A. 10) where L is the rank of the seismic moment tensor which yields the STFT S, I is the weight or the order of t h e S t e n s o r , and k is a version number of the tensor. Each of the STFT's has 21 -I-1 degrees of freedom.
IT1 = [TAITA1l 1'2.
(A.11)
Throughout this study we preserve the term rank, denoted by L , for reference to the Cartesian tensors; the term order, denoted by 1, will be used only for spherical harmonics or for weight of the tensor representations of the 3-D rotation group. The difference between rank and weight: 77 = L -1, will be called the class of the representation.
The scalar norm of a tensor T is Another set of vector spherical harmonics, pure-spin harmonics (Thorne 1980) , are better suited for describing the radiation. These harmonics are Y T * l m , Y S * l m , and Y R 9 I m , and they describe the radiation of torsional, spheroidal shear, and radial (spheroidal compressional) displacements, respectively. .Vector harmonics C, , , B , , and P , , , which are described by Morse & Feshbach (1953 , p. 1898 , are equivalent to these harmonics up to a scalar normalization multiplier (see B As we mentioned earlier, because of their connection with the wave radiation, the purespin vector harmonics have been almost exclusively used in seismology (Aki & Richards 1980; Ben-Menahem & Singh 1981) . However, in the description of the source, the pureorbital harmonics, since they are eigenfunctions of the Laplace, of the Helmholtz (Thorne 1980) and of the elasticity (Navier) equations, are of paramount importance, and they will be used extensively in our investigations.
Both sets of the vector harmonics can be written in the STF form (Thorne 1980 where r > R and R , is the reference distance where the harmonics are made to be orthogonal. The static elastic harmonics of Ben-Menahem & Singh (1968) differ from (B.lO) by a numerical factor. Apparently they also take R, = 0. If we take X = -p, the elasticity equation (B.9) transforms into the vector Laplace equation, the harmonic E1+'~'" transforms into R'+' Y1+'*lm , and the harmonic Ez-17zm transforms into r-' * YZ-lrfm . We note that in the first formula of 13.2.36 of Morse & Feshbach (1953 , p. 1808 , the denominator and the numerator are interchanged.
In the STF notation, for the internal harmonic we obtain where C4 = mm). The external harmonic is ( B . l la) (B.llb)
where C, is given in (B.1). If we do not know the size of the source from the independent data, we can assume it is equal to zero (see in Sections 3 
2
A set of these harmonics, together with appropriate harmonics Y 1 -l * l m , Y1,lrn and Y1+l*rrn, is orthogonal at a distance equal to zero.
